We investigate equilibrium configurations of the clamped-pinned elastica where the pinned end can be displaced towards, and past, the clamped end. Solving the nonlinear ordinary differential equation for the clamped-pinned elastica for any mode in terms of elliptic integrals, we find sets of equations which govern the equilibrium configurations for given displacements. Equilibrium configurations for various displacements of the pinned end and any mode are obtained by numerically solving those sets of equations. A physical quantity, such as the force that arises in the elastica due to displacement of the pinned end, is taken to be a function of displacement. Although it is generally not possible to define a physical quantity as a function of displacement explicitly, an equation for the rate of change of this physical quantity with respect to displacement can be found by partial differentiation of the sets of equations which govern the equilibrium configurations. Setting that rate of change to zero provides a constraint equation for locating the critical points of that physical quantity. That constraint equation and the sets of equations which govern the equilibrium configurations are solved numerically to obtain the critical points of the physical quantity. Our procedure is demonstrated by finding local extrema on force-displacement plots (useful when analysing the stability of equilibrium configurations) and the maximum deflection of the elastica. Finally, we suggest how our procedure has scope for wider application.
Introduction
In elasticity theory, the problem of the elastica finds applications in many fields of mechanics and increasingly biomechanics [1] [2] [3] . The equilibrium solutions of the elastica depend on the intrinsic state of the rod, the constitutive relations, the loading conditions, and boundary conditions. Though the elastica is a nonlinear problem, some cases can be solved exactly by elliptic functions and integrals. There may also be multiple solutions for a given loading path. Consequently, the elastica has become a case study for bifurcation theory and persists as a focal point for analytical mechanics.
There are several standard means of depicting the results from solutions to the elastica graphically. One is x-y plots of the shapes of the elastica in dimensionless coordinates x and y [4] . Another is various forcedisplacement plots [4, 5] . Yet another is force-deflection plots [4, 6] . Where solutions of elastica are discussed in the context of stability of their equilibrium configurations, bifurcation diagrams are very useful for depicting results [7] . In this paper, we depict results with x-y plots and force-displacement plots which are relatively easy to obtain by numerical methods. However, in general, it is not possible to express the force as a function of displacement or y as a function of x explicitly.
The focus of this paper is the classical case of an intrinsically straight inextensible rod that is clamped at one end and pinned at the other end. A typical analytical treatment of this problem involves finding equilibrium solutions as the pinned end is displaced by an amount d towards, and eventually past, the clamped end, while keeping the ends aligned. That manner of loading the rod is referred to as rigid loading [8] . In this paper, d is the dimensionless end displacement of the pinned end. The clamped-pinned case has received relatively little attention compared to similar elastica problems involving symmetric boundary conditions, for example clamped-clamped and pinned-pinned cases [9] . Mikata noted that and presented a solution in terms of elliptic functions and integrals for the first mode that is applicable to displacements d up to, but not beyond, the clamped end [10] . Tongyun adopts a numerical approach based on constrained optimisation to solving the nonlinear ordinary differential equations (odes) of the clamped-pinned elastica for the first mode for displacements d of the pinned end towards, and past, the clamped end. The results are displayed mainly in the form of x-y plots and load-displacement plots [4] . Humer encompasses the clamped-pinned case in a study of the exact solutions of shear-deformable rods [6] . The results of that study, as well as providing exact solutions for equilibrium paths for any mode, include load-displacement plots for the first two modes and x-y plots for the first three modes. Humer also identifies, as we will do, equilibrium paths for the nth mode with n + 1 or n inflection points. However, no correlation is made between the number of inflection points and the domain of displacement d. Neither is the vanishing of an inflection point discussed (which occurs for the value of d corresponding to the two end points of the rod coinciding).
In addition to exhibiting solutions representing post-buckling equilibrium configurations, the forcedisplacement plots for the clamped-pinned elastica are characterised by the presence of local extrema. Wang draws attention to those extrema by associating them with jump phenomena [5] ; see also Banu et al. [11] . The stability of the post-buckling equilibrium configurations of the inextensible elastic rod under various loading conditions has been analysed using different techniques. Levyakov and Kuznetzov formulate a functional for the strain energy of the rod in the presence of isoperimetric constraints [12] . The stability of a configuration is determined by the sign of the second variation of that functional; i.e. if the second variation is positive definite, the configuration is stable. By representing the second variation of that functional in terms of eigensolutions of an auxiliary Sturm-Liouville problem, Levyakov and Kuznetzov determine that a configuration is stable if all eigenvalues lie outside the unit interval [0, 1]. However, they do not appear to attempt to locate the critical points at which changes in stability arise. A similar, if not the same, energy-based approach for testing for the stability of post-buckled equilibrium configurations of the elastica is found in Bigoni et al. [9] . Batista presents an alternative approach to determining the stability of post-buckled equilibrium configurations of inextensible elastic rods based on the Jacobi test. Again, a functional which represents the total potential energy of the deformed rod is constructed. This time the sign of the second variation is determined via the Jacobi test. That test is demonstrated successfully on a cantilever with a free and sliding end, but fails to work for the pinnedpinned case [13] . In a subsequent paper, Batista applies the Jacobi test to the clamped-clamped elastic rod in any mode and the clamped-pinned elastic rod in the first mode. For the latter, a force-displacement diagram is presented showing a region, between two critical points, for which the rod is unstable [14] .
Clearly, the stability of elastica solutions is currently a key focus of research, and it is useful to have information on critical points to aid stability analysis. This paper aims to contribute to that body of knowledge. We present a procedure which determines critical points of the clamped-pinned elastica and suggest how our procedure has scope for wider application.
The clamped-pinned elastica
We consider an elastic rod parameterised by its dimensionless (normalised) arc length, 0 ≤ s ≤ 1 in the x y-plane, where x and y are dimensionless coordinates. The end points of the rod are fixed along the x-axis by a clamp at s = 0 and a pinned joint at s = 1 which can be displaced along the x-axis by (dimensionless) amount d, where −2 ≤ d ≤ 0. The rod is inextensible and unshearable but can deform in the x y-plane, under rigid loading through the parameter d. The dimensionless forces acting along the x-axis and y-axis are, respectively, t and r . The tangent at any point (x(s), y(s)) along the bent rod is given by ψ(s); see Fig. 1 . The equations appertaining to the static configuration and equilibrium of the rod are 
The boundary conditions are
We note that the value of the angle ψ at the pinned end (s = 1) is designated γ , i.e. ψ(1) = γ .
Solutions for post-buckling
We introduce f, α, and θ as
where f is the dimensionless resultant force. Consequently, our system of Eqs. (1)- (5) becomes
and the boundary conditions Eqs. (6)- (11) become
From Eqs. (17), (20) and (23), we find that
and from Eqs. (16), (18) and (19), we note that
Integrating Eq. (13) and applying the boundary condition Eq. (22), we obtain, using the value at θ(1) = γ + α,
where dθ ds ≡ dψ ds is the curvature. Anticipating elliptic integrals, we introduce the elliptic modulus
where n is the mode number. Also the elliptic argument is
and for the case θ = α we have
For each mode, the post-buckled configurations are inflectional. The nth mode has n + 1 inflection points for −1 ≤ d ≤ 0 and n inflection points for −2 ≤ d < −1; i.e. as the pinned end moves past the clamped end, the inflection point closest to the clamped end vanishes, as discussed below.
Case d = −1
The clamped-pinned rod buckles at critical loads t = −t c , where t c is determined by the following transcendental equation:
see Timoshenko and Gere [15] . 
The curvature dθ/ds > 0 for 0
. ., and dθ/ds < 0 for n odd and dθ/ds > 0 for n even for s n ≤ s ≤ s n+1 = 1. Applying Eq. (31) to Eq. (26), we find that inflection points arise when
Note that θ(s n+1 ) = θ(1) = γ + α corresponds to the inflection point at the pinned end. Integration, from 0 to s 1 and between successive pairs of inflection points s i−1 to s i , for i = 2, 3, 4, . . . , n, n + 1 of Eq. (26) gives
where K (k) and F(φ α , k) are respectively the complete and incomplete elliptic integrals of the first kind. From Eq. (24), using Eqs. (27), (29) and (33) we obtain
where E(k) and E(φ α , k) are, respectively, the complete and incomplete elliptic integrals of the second kind. Integration of Eq. (25), using Eq. (34), gives
When −1 < d < 0, the clamped-pinned elastica has n + 1 inflection points in the nth mode. Therefore, when the rod buckled in the first mode, there are two inflection points at s 1 and s 2 , where 0 < s 1 < 1 and s 2 = 1. In this configuration, Such forces will have a tendency to straighten out the rod and eliminate the inflection point rather than move it. Thus, the inflection point at s 1 must vanish; i.e. it is effectively pulled out of the rod (see Fig. 2 ). This is contrary to the situation when −1 < d ≤ 0 and the forces in the rod act to compress an inflection point into the rod at s 1 . So, for −2 ≤ d < −1 we have one less inflection points than we had for −1 ≤ d ≤ 0. Similar arguments can be applied to higher modes. Thus, for all modes, the inflection point at s 1 > 0 for d > −1 moves to s 1 = 0 for d = −1 and then vanishes when d < −1. Hence, if there are n + 1 inflection points for −1 ≤ d < 0, then there are n inflection points for −2 < d < −1.
As before, the value of s at the ith inflection point is denoted by s i , and inflection points occur when
For this case, the curvature dθ/ds < 0 for 0 ≤ s < s 1 , dθ/ds > 0 for s 1 ≤ s < s 2 , dθ/ds < 0 for s 2 ≤ s < s 3 , . . ., and dθ/ds < 0 for n odd and dθ/ds > 0 for n even for s n−1 ≤ s ≤ s n = 1. Applying Eq. (36) to Eq. (26), it follows that inflection points arise when
Note that θ(s n ) = θ(1) = γ + α corresponds to the inflection point at the pinned end. Integration, from 0 to s 1 and between successive pairs of inflection points s i−1 to s i , for i = 2, 3, 4, . . . , n of Eq. (26) gives
From Eq. (24), using Eqs. (27), (29) and (38), we obtain
Integration of Eq. (25), using Eq. (39), gives
At this point, we observe that the equations for −1 < d < 0 and −2 < d < −1 differ by ± signs and the highest value the index i takes. Henceforth, for d = −1 denote this highest value of i by I , where I = n + 1 for −1 < d < 0 and I = n for −2 < d < −1. Furthermore, if ± or ∓ signs appear in any subsequent equations for d = −1, let the upper sign refer to −1 < d < 0 and lower sign refer to −2 < d < −1. Then, the following expressions for s, x, and y can be derived from Eqs. 
Taking the limits d → −1 ± , both Eqs. (33)- (35) and (38)- (40) reduce to the following equations:
which are valid at d = −1. Furthermore, by taking the limits d → −1 ± in Eqs. (41)- (43), we obtain expressions for s, x, and y at d = −1, for 2, 3 , . . . , n, where s 0 = 0, s n = 1, 
and for d = −1, we have
For d = −1, the dependence on f has been factored out of the system of three nonlinear equations into W . Now, both U and V are independent of f and can be solved simultaneously for α and k. Once α and k are known, W can be used to determine f . Furthermore, note that U does not explicitly depend on d, i.e. U = U (α, k). The situation for d = −1 is even simpler, all we need to do is solve U for k. Once k is known, we use V and W to determine α and f , respectively. In the previous Section, we found exact solutions for the clamped-pinned rod under rigid loading through the parameter d in terms of elliptic integrals. Finding these solutions relied on first finding values for the three In practice, it is often useful to know rates of change of physical quantities and variables with respect to d that describe the clamped-pinned rod. Those are useful for locating critical points and corresponding critical values. For example, in investigations on stability of solutions, we need to know where the critical points on td plots are. Therefore, we need to know 
where ∂U ∂d = 0 since U = U (α, k) and the 2 × 2 matrix J is given by
Then, provided det(J) = 0 where
we find
We now present all the partial derivatives of U and V that are required to evaluate quantities given by Eqs. (58)-(60). For d = −1,
P. Singh, V. G. A. Goss Now that all the partial derivatives of U and V are known, we can obtain equations for det(J). For d = −1,
On inspecting Eq. (66), we see that
Taking the limits d → −1 ± in Eqs. (67) and (68) yields
at d = −1.
Critical points on force-displacement plots

Resultant force-displacement ( f d) plot
Equation (52) shows that
The partial derivatives of f , for d = −1 are
Using Eqs. (67), (68), (72), and (73), we find that Eq. (71) gives Table 1 Taking the limits d → −1 ± in Eq. (74), it can be shown that 
Solving Eqs. (50) and (51) Table 1 , predicted by our method.
Horizontal force-displacement (td) plot
Critical points on td plots are useful to know when considering the stability of solutions, especially for many physical rigid loading problems where it is the axial component of the force t that is measured at the clamped end for a given input d; see, for example, [16] . From Eq. (12), we note that Table 1 The partial derivatives of t, for d = −1 are
Using Eqs. (67), (68), (78), and (79), we find that Eq. (77) gives 
Solving Eqs. (50) and (51) subject to (the constraint equation) Eq. (82), we obtain the locations d (as well as α and k) of the critical points of t set out in Table 2 . The corresponding critical values of t are obtained from Eqs. (12) and (52). Inspection of the td plots shown in Figs. 7 and 8 confirms the presence of critical points at the locations given in Table 2 . Our results for the first mode agree with Humer [6] , Levyakov and Kuznetsov [12] , and Batista [14] .
Vertical force-displacement (r d) plots
Finally, consider the reaction force r at the pinned end. Following reasoning identical to that in Sects. 4.2.1 and 4.2.2, the constraint equation for a critical point on r is Table 2   Table 2 Table of 83), we obtain the locations d (as well as α and k) of the critical points of r displayed in Table 3 . The corresponding critical values of r are obtained from Eqs. (12) and (52). Inspection of the rd plots shown in Figs. 9 and 10 confirms the presence of critical points at the locations given in Table 3 . Our results for the first mode agree with Batista [14] .
Maximum deflection h max
As the rod is compressed under the action of d, it bends into a hump, which arises between points of inflection.
In the first mode, the y deflection of the hump increases to a maximum height h and then starts to decrease as the hump rotates round into the lower half-plane where another hump starts to form, the height of which attains another maximum (negative y deflection) before it starts to get pulled out towards x(1) = −1 as Table 3 d → −2 + ; see Fig. 2 . Inspection of plots of the shape of elastica indicates that the maximum height h of the hump arises for values of end displacement −1 < d < 0. Furthermore, for the nth mode, there are n humps for −1 < d < 0; however, the highest of those humps always emerges nearest the clamped end, i.e. between the first two inflection points s 1 and s 2 , which is where we focus the analysis. The relevant equation describing the behaviour of y between the first two inflection points s 1 and s 2 when −1 < d < 0 is obtained from Eq. (43) with i = 2 and is 11 x-y plots for the maximum deflection h max for the first, second, and third modes, as given in Table 4 + 2 cos(α)
The maximum deflection for y, i.e. the height h of the hump, occurs at θ = α. Setting θ = α in Eq. (84) and using Eq. (34) gives
To determine the maximum height h max and the associated value of d at which this occurs in −1 < d < 0 for the nth mode, we need to determine the condition obtained from
where the partial derivatives of h are given by
Using Eqs. Table 4 . For the first mode, h max rises to approximately one-third of the rod's length when the magnitude of the displacement d exceeds half the rod's length; see Fig. 11 . A similar result is presented by Tongyun [4] .
Conclusions
Once α, k, and f are known, the clamped-pinned elastica under rigid loading parameterised by d is completely determined, as shown above. We observed that (67)- (70) and (74), (75)). Then, given a physical quantity represented by q = q(d, α, k, f ) in our clamped-pinned rod system above, we can determine its rate of change with respect to d from
This was precisely the approach we used, for example, for finding Motivated by this analysis, consider a generalisation of the above nonlinear system to one described by n variables x 1 (u), x 2 (u), x 3 (u), . . . , x n (u) parameterised by u with n governing nonlinear equations of the form U 1 (u, x 1 , x 2 , x 3 , . . . , x n ) = 0, (94) U 2 (u, x 1 , x 2 , x 3 , . . . , x n ) = 0, (95) U 3 (u, x 1 , x 2 , x 3 , . . . , x n ) = 0, (96) . . . (u, x 1 , x 2 , x 3 , . . . , x n ) = 0.
U n
Provided this nonlinear system has a solution for all u belonging to some relevant domain, we suggest our approach above may be used to find . . .
Then, a physical quantity in the nonlinear system described by Eqs. (94) 
The critical points can then be found by solving Eqs. (94)-(97) subject to (the constraint equation) Eq. (102).
As the main focus of our work has been on determining constraint equations for locating critical points for physical quantities, such as t, in the clamped-pinned rod, we did not investigate d = 0 and d = −2. Our main reason is that there are no critical points at these values of d. A thorough investigation of the solutions for the clamped-pinned rod as d → 0 − and d → −2 + is a prospect for future research in the context of asymptotic behaviour. Incidentally, Wang [5] has investigated (the equivalent of) d → 0 − and d → −2 + for the clamped-pinned rod in the first mode.
